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Abstract
A set-indexer of a graph G is an injective set-valued function f :
V (G) → 2X such that the function f⊕ : E(G) → 2X − {∅} defined
by f⊕(uv) = f(u)⊕f(v) for every uv∈E(G) is also injective, where
2X is the set of all subsets of X and ⊕ is the symmetric difference of
sets. An integer additive set-indexer is defined as an injective function
f : V (G) → 2N0 such that the induced function f+ : E(G) → 2N0
defined by f+(uv) = f(u) + f(v) is also injective. A graph G which
admits an IASI is called an IASI graph. An IASI f is said to be a
weak IASI if |f+(uv)| = max(|f(u)|, |f(v)|) and an IASI f is said to
be a strong IASI if |f+(uv)| = |f(u)||f(v)| for all u, v ∈ V (G). In
this paper, we discuss about a special type of integer additive set-
indexers called arithmetic integer additive set-indexer and establish
some results on this type of integer additive set-indexers. We also
check the admissibility of arithmetic integer additive set-indexer by
certain graphs associated with a given graph.
Key words: Integer additive set-indexers, arithmetic integer additive set-
indexers, deterministic index.
AMS Subject Classification : 05C78
1 Preliminaries
For all terms and definitions, not defined in this paper, we refer to [16] and
for more about graph labeling, we refer to [11]. Unless mentioned otherwise,
all graphs considered here are simple, finite and have no isolated vertices.
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Let N0 denote the set of all non-negative integers. For all A,B ⊆ N0, the
sum of these sets, denoted by A + B, is defined by A + B = {a + b : a ∈
A, b ∈ B}. In [19], the set A + B defined above is termed as the sumset of
the sets A and B.
All sets mentioned in this paper are finite sets of non-negative integers.
We denote the cardinality of a set A by |A|.
An integer additive set-indexer (IASI, in short) is defined in [12] as an
injective function f : V (G) → 2N0 such that the induced function f+ :
E(G) → 2N0 defined by f+(uv) = f(u) + f(v) is also injective. A graph G
which admits an IASI is called an IASI graph.
An IASI is said to be k-uniform if |f+(e)| = k for all e ∈ E(G). That is,
a connected graph G is said to have a k-uniform IASI if all of its edges have
the same set-indexing number k.
The cardinality of the labeling set of an element (vertex or edge) of a
graph G is called the set-indexing number of that element.
The vertex set V of a graph G is defined to be l-uniformly set-indexed, if
all the vertices of G have the set-indexing number l.
Two ordered pairs (a, b) and (c, d) in A × B compatible if a + b = c + d.
If (a, b) and (c, d) are compatible, then we write (a, b) ∼ (c, d). Clearly, ∼ is
an equivalence relation.
A compatible class of an ordered pair (a, b) in A× B with respect to the
integer k = a+ b is the subset of A×B defined by {(c, d) ∈ A×B : (a, b) ∼
(c, d)} and is denoted by [(a, b)]k or Ck.
If (a, b) is the only element in the compatibility class [(a, b)]k, then it is
called a trivial class. The compatibility classes which contain the maximum
possible number of elements is called saturated classes. The compatibility
class that contains maximum number of elements is called a maximal com-
patibility class.
The number of distinct compatibility classes in A×B is called the com-
patibility index of the pair of sets A×B and is denoted by 0(A,B). Hence we
have,
Proposition 1.1. If A and B are two non-empty sets of non-negative inte-
gers, then |A + B| = 0(A,B).
Proposition 1.2. [20] The maximum possible cardinality of a compatibility
class in A × B is n, where n = min(|A|, |B|). That is, the cardinality of a
saturated class in (A,B) is min(|A|, |B|).
A weak IASI is defined in [13] as an IASI f if for every u, v ∈ V (G),
|f+(uv)| = max(|f(u)|, |f(v)|). A graph which admits a weak IASI may be
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called a weak IASI graph. A weak IASI is said to be weakly uniform IASI if
|f+(uv)| = k, for all u, v ∈ V (G) and for some positive integer k.
Theorem 1.3. [20] For any two adjacent vertices u and v of G, if |f+(uv)| =
min{|f(u)|, |f(v)|}, then either |f(u)| = 1 or |f(v)| = 1. That is, if f is a
weak integer additive set-indexer of a graph G, then at least one end vertex
of every edge of G must have a singleton set-label.
A strong IASI is defined in [14] as an IASI f if |f+(uv)| = |f(u)||f(v)|
for all u, v ∈ V (G). A graph which admits a strong IASI may be called
a strong IASI graph. A strong IASI is said to be strongly uniform IASI if
|f+(uv)| = k, for all u, v ∈ V (G) and for some positive integer k.
In this paper, we introduce a particular type of integer additive set-
indexer called arithmetic integer additive set-indexer and establish some re-
sults on arithmetic integer additive set-indexers.
2 Arithmetic Integer Additive Set-Indexers
The integer additive set-indexers, under which the set-labels of the elements
of a given graph G following specific patterns, are of special interest. In this
paper, we study the characteristics graphs, the elements of whose set-labels
are in arithmetic progressions. Note that the elements in the set-labels of all
elements of G are in arithmetic progression, they must contain at least three
elements. Hence, we have,
Proposition 2.1. An arithmetic integer additive set-indexer of a graph G
will never be a weak integer additive set-indexer of G.
By the term, an arithmetically progressive set, (AP-set, in short), we mean
a set whose elements are in arithmetic progression. We call the common
difference of the set-label of an element of a given graph, the deterministic
index of that element.
Definition 2.2. Let f : V (G) → 2N0 be an IASI on G. For any vertex v
of G, if f(v) is an AP-set, then f is called a vertex-arithmetic IASI of G.
A graph that admits a vertex-arithmetic IASI is called a vertex-arithmetic
IASI graph.
Definition 2.3. For an IASI f of G, if f+(e) is an AP-set, for all e ∈ E(G),
then f is called an edge-arithmetic IASI of G. A graph that admits an
edge-arithmetic IASI is called an edge-arithmetic IASI graph.
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Definition 2.4. An IASI is said to be an arithmetic integer additive set-
indexer if it is both vertex-arithmetic and edge-arithmetic. That is, an arith-
metic IASI is an IASI f , under which the set-labels of all elements of a given
graph G are AP-sets. A graph that admits an arithmetic IASI is called an
arithmetic IASI graph.
Definition 2.5. If all the set-labels of all vertices of a graph G under an
IASI,say f , are AP-sets and the set-labels of edges are not AP-sets, then f
is called a semi-arithmetic IASI.
Proposition 2.6. Let f be a vertex-arithmetic IASI defined on G. If the
set-labels of vertices of G are AP-sets with the same common difference d,
then f is also an edge-arithmetic IASI of G.
Proof. Let u and v be two adjacent vertices in G. Let f(u) = {a + id : 0 ≤
i ≤ m} and f(v) = {b + jd : 0 ≤ j ≤ n, where a, b,m, n are non-negative
integers. Then, f+(uv) = {(a + b) + (i + j)d : 0 ≤ i ≤ m, 0 ≤ j ≤ n}. That
is, f is edge-arithmetic.
Let G be a graph whose elements have different deterministic indices.
Then, the following proposition establishes a necessary and sufficient condi-
tion for a vertex-arithmetic IASI of G to be an arithmetic IASI of G.
Proposition 2.7. Let f be a vertex arithmetic IASI of the graph G such
that deterministic indices of any two adjacent vertices in G are distinct.
Then, f is edge-arithmetic if and only if for any pair of adjacent vertices
in G, the deterministic index of one is a positive integral multiple of the
deterministic index of the other and this positive integer is less than or equal
to the cardinality of the set-label of the latter.
Proof. Let f : V (G) → 2N0 be a vertex arithmetic IASI on G such that
f(vi) and f(vj) have the deterministic indices di and dj respectively, where
di 6= dj. Assume that A = f(vi) = {ar = a + rdi : 0 ≤ r < m} and
B = f(vj) = {bs = b + sdi : 0 ≤ s < n}. Then, |f(vi)| = m and |f(vj)| = n.
Now, arrange the terms of A+B = f+(vivj) in rows and columns as follows.
For bs ∈ B, 0 ≤ s < n, arrange the terms of A + bs in (s + 1)-th row in such
a way that equal terms of different rows come in the same column of this
arrangement.
Assume, without loss of generality, that di = kdj and k ≤ m. If k < m,
then for any a ∈ f(vi) and b ∈ f(vj) we have a + (b + dj) = a + b + kdi <
a+b+mdi. That is, a few final elements of each row of the above arrangement
occur as the initial elements of the succeeding row (or rows) and the difference
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between two successive elements in each row is di itself. If k = m, then the
the difference between the final element of each row and the first element of
the next row is di and the difference between two consecutive elements in
each row is di. Hence, if k ≤ m, then f+(vivj) is an AP-set with difference
di. Therefore, f is an arithmetic IASI.
We prove the converse part in two cases.
Case-1: Let dj = kdi where k > m. Then, the difference between two
successive elements in each row is di, but the the difference between the
final element of each row and the first element of the next row is tdi, where
t = k −m + 1 6= 1. Hence, f is not an arithmetic IASI.
Case-2:Assume that dj is not a multiple of di (or di is not a multiple of
dj). Without loss generality, let di < dj. Then, by division algorithm,
dj = pdi + q, 0 < q < di. Then, the difference between any two consecutive
terms in f+(vivj) are not equal. Hence, f is not an arithmetic IASI. This
completes the proof.
Due to Proposition 2.6 and Proposition 2.7, we have
Theorem 2.8. A graph G admits an arithmetic IASI graph G if and only if
for any two adjacent vertices in G, the deterministic index of one vertex is
a positive integral multiple of the deterministic index of the other vertex and
this positive integer is less than or equal to the cardinality of the set-label of
the latter vertex.
Proposition 2.9. Let f be an IASI on G. Then, f is edge-arithmetic implies
it is vertex-arithmetic.
Proof. Let f be an edge-arithmetic IASI on G. Then, f+(e) is an AP-set,
for all e ∈ E(G). If possible, let f is not vertex-arithmetic. Hence, for
two adjacent vertices vi and vj of G, let A = f(vi) and B = f(vj). Let
DA and DB be the sets of all differences between the elements of A and B
respectively. For any di in DA, there exists two elements ar and bs in A+B
such that ar − bs = di. Similarly, for any dj in DB, there exists two elements
ak and bl in A + B such that ak − bl = dj. Since A + B is an AP-set, by
Proposition 2.6, di = dj or by Proposition 2.7, dj = kdi, 1 < k ≤ |f(vi)|. In
both cases, f(vi) and f(vj) are AP-sets, a contradiction to the assumption
that f is not a vertex-arithmetic IASI. Hence, every edge-arithmetic IASI is
always a vertex-arithmetic IASI.
Remark 2.10. In view of Proposition 2.9, we note that all arithmetic (edge-
arithmetic) IASI graphs are vertex arithmetic. But, a vertex-arithmetic IASI
of graph G need not be an edge-arithmetic IASI of G.
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In the following theorem, we establish a relation between the deterministic
indices of the elements of an arithmetic IASI graph G.
Theorem 2.11. If G is an arithmetic IASI graph, the greatest common
divisor of the deterministic indices of vertices of G and the greatest common
divisor of the deterministic indices of the edges of G are equal to the smallest
among the deterministic indices of the vertices of G.
Proof. Let f be an arithmetic IASI of G. Then, by Theorem 2.8, for any
two adjacent vertices vi and vj of G with deterministic indices di and dj
respectively, either di = dj, or if dj > di, dj = k dj, where k is a positive
integer such that 1 < k ≤ |f(vi)|.
If the deterministic indices of the elements of G are the same, the result
is obvious. Hence, assume that for any two adjacent vertices vi and vj of
G, dj = k dj, k ≤ |f(vi)|, where di is the smallest among the deterministic
indices of the vertices of G. If vr is another vertex that is adjacent to vj,
then it has the deterministic index dr which is equal to either di or dj or l dj.
In all the three cases, dr is a multiple of di. Hence, the g.c.d of di, dj, dr is
di. Proceeding like this, we have the g.c.d of the deterministic indices of the
vertices of G is di.
Also, by Theorem 2.7, the edge uivj has the deterministic index di. The
edge vjvk has the deterministic index di, if dk = di, or dj in the other two
cases. Proceeding like this, we observe that the g.c.d of the deterministic
indices of the edges of G is also di. This completes the proof.
Theorem 2.12. Let G be a graph which admits an arithmetic IASI, say f
and let di and dj be the deterministic indices of two adjacent vertices vi and
vj in G, where di < dj. Then, for some positive integer 1 ≤ k ≤ |f(vi)| , the
edge vivj has the set-indexing number |f(vi)|+ k(|f(vj)| − 1).
Proof. Let f be an arithmetic IASI defined on G. For any two vertices vi
and vj of G, let f(vi) = {ai, ai + di, ai + 2di, ai + 3di, . . . , ai + (m− 1)di} and
let f(vj) = {aj, aj + dj, aj + 2dj, aj + 3dj, . . . , aj + (n− 1)dj}.
Let dj = k.di, where k is a positive integer such that 1 ≤ k ≤ |f(vi)|.
Then, f(vj) = {aj, aj+kdi, aj+2kdi, aj+3kdi, . . . , aj+(n−1)kdi}. Therefore,
f+(vivj) = {ai+aj, ai+aj+di, ai+aj+2di, . . . , ai+aj+[(m−1)+k(n−1)]di}.
That is, the set-indexing number of the edge vivj is m + k(n− 1).
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3 Arithmetic IASIs on Some Graph Classes
Theorem 3.1. Every graph G admits an arithmetic integer additive set-
indexer.
Proof. Let f be an IASI defined on a given graph G under which all the
vertices of G are labeled by AP-sets in such a way that the common difference
f(vi) is di, where di is a positive integer. Let v1 be an arbitrary vertex of
G and let d1 be any positive integer. Label v1 by an AP-set with common
difference d1. Let v2 be a vertex of G adjacent to v1. Label this vertex
by an AP-set with common difference d2 = k1 d1, 1 ≤ k1 ≤ |f(v1)|. Let
v3 be a vertex of G adjacent to v2. Label this vertex by an AP-set with
common difference d3 = k2 d2, 1 ≤ k1 ≤ |f(v1)|. If v3 is adjacent to v1,
then d3 = k3 d1, 1 ≤ k3 ≤ min(|f(v1)|, |f(v2)|). Label all vertices of G in
this manner. Then, by Theorem, the set-label of every edge of G is also an
AP-set. Hence, f is arithmetic IASI of G.
The following theorem establishes the necessary and sufficient condition
for a complete graph to admit an arithmetic IASI.
Theorem 3.2. A complete graph Kn admits an arithmetic IASI if and only
if its vertex set can be partitioned in to at most two sets such that every vertex
in the same partition has the same deterministic index.
Proof. Let Kn admits an arithmetic IASI. Let d > 0 be the minimum of the
deterministic indices of the vertices in V (G). Let V1 be the set of all vertices
in V (G) that have the deterministic index d and let V2 = V −V1. Since every
vertex of V2 is adjacent to all the vertices in V1, by Theorem 2.8, all the
vertices in V2 must have the deterministic index k d, where k is a positive by
an AP-set with common difference k d, where k is a positive integer which is
less than or equal to the minimum value of the cardinalities the elements in
V1. If V1 = V , then V2 = ∅. That is, V (G) has at most two partitions such
that all vertices in the same partition have the same deterministic index.
If all the vertices in V (G) have the same deterministic index, then by
Proposition 2.6, Kn admits an arithmetic IASI. Hence, assume that not
all vertices of Kn have the same deterministic index. Then, V (G) has two
partitions, say V1 = {u1, u2, u3, . . . , ur} and V2 = {v1, v2, v3, . . . , vl}, where
r + l = n, such that all the vertices in each partition have the same deter-
ministic index. Label all the vertices in V1 by distinct AP-sets with the same
common difference, d > 0 and label all vertices in V2 by distinct AP-sets
with the same common difference k d, where k is a positive integer such that
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1 ≤ k ≤ min{|f(u1)|, |f(u2)|, |f(u3)|, . . . , |f(ur)|}. Hence, by Theorem 2.8,
this labeling is an arithmetic IASI for Kn.
Proposition 3.3. If a graph G admits an arithmetic integer additive set-
indexer, then any non-trivial subgraph of G also admits an arithmetic integer
additive set-indexer.
Proof. let f be an arithmetic IASI on G and let H ⊂ G. The proof follows
from the fact that the restriction f |H of f to the subgraph H is an arithmetic
IASI on H.
The following theorems establishes the admissibility of an arithmetic IASI
by some graphs associated to a given arithmetic IASI graph.
Definition 3.4. [16] By edge contraction operation in G, we mean an edge,
say e, is removed and its two incident vertices, u and v, are merged into
a new vertex w, where the edges incident to w each correspond to an edge
incident to either u or v.
Theorem 3.5. Let G be an arithmetic IASI graph and let e be an edge of
G. Then, G ◦ e admits an arithmetic IASI.
Proof. Let G admits a weak IASI. Let e be an edge in E(G). Let e = uv
be an arbitrary edge of G. Let di and dj be the deterministic number of
u and v respectively. Then, by Theorem 2.8, either di = dj or if dj > dj,
dj = k dj, 1 ≤ k ≤ |f(u)|. G ◦ e is the graph obtained from G by deleting
e of G and identifying u and v to get anew vertex, say w. Label the w, by
the set-label of the deleted edge e. Then, w has the deterministic number di
and all elements in G ◦ e are AP-sets. Hence, G ◦ e is a isoarithmetic IASI
graph.
Definition 3.6. [17] Let G be a connected graph and let v be a vertex of G
with d(v) = 2. Then, v is adjacent to two vertices u and w in G. If u and
v are non-adjacent vertices in G, then delete v from G and add the edge uw
to G− {v}. This operation is known as an elementary topological reduction
on G.
Theorem 3.7. Let G be a graph which admits an arithmetic IASI. Then,
any graph G′, obtained by applying finite number of elementary topological
reductions on G, also admits an arithmetic IASI.
Proof. Let G be a graph which admits an arithmetic IASI, say f . Let v be
a vertex of G with d(v) = 2 and deterministic index di. Since d(v) = 2, v
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must be adjacent two vertices u and w in G. Let these vertices u and w
are non-adjacent. Now remove the vertex v from G and introduce the edge
uw to G − v. Let G′ = (G − v) ∪ {uw}. Let f ′ : V (G′) → 2N0 such that
f ′(v) = f(v) ∀ v ∈ V (G′) and the associated function f ′+ : E(G′)→ 2N0 and
defined by
f ′+(e) =
{
f+(e) if e 6= uw
f(u) + f(w) if e = uw
Hence, f ′ is an arithmetic IASI of G′.
Definition 3.8. [21] A subdivision of a graph G is the graph obtained by
adding vertices of degree 2 into its edges.
Theorem 3.9. A graph subdivision G∗ of a given arithmetic IASI graph G
also admits arithmetic IASI.
Proof. Let u and v be two adjacent vertices in G. Since G admits an arith-
metic IASI, the deterministic indices di and dj of u and v respectively are
either equal or, if dj > di, dj = k di, 1 ≤ k ≤ |f(u)|. Introduce a new vertex
w to the edge uv. Now, we have two new edges uw and vw in place of uv.
Extend the set-labeling of G by labeling the vertex w by the same set-label
of the edge uv. Then, the vertices u and w have the same deterministic
indices d and the deterministic index of v is a positive integral multiple of
the deterministic index of w, where this positive integer is clearly less than
the cardinality of the labeling set of w. Hence, G∗ admits an arithmetic
IASI.
Definition 3.10. [22] For a given graph G, its line graph L(G) is a graph
such that each vertex of L(G) represents an edge of G and two vertices of
L(G) are adjacent if and only if their corresponding edges in G incident on
a common vertex in G.
Theorem 3.11. The line graph L(G) of an arithmetic IASI graph G admits
an arithmetic IASI. Moreover, the function f+ associated to f in G is an
arithmetic IASI on L(G).
Proof. Consider two adjacent edges e1 = v1v2 and e2 = v2v3 in G. Let di be
the deterministic index of the vertex vi in G. Since G is arithmetic graph,
d1 = d2 or d2 = k1 d1, 1 ≤ k ≤ |f(v1)|. In both cases, deterministic number of
the edge v1v2 is d1 itself. Similarly, since v2 is adjacent to v3, either d3 = d1
or d3 = d2 or d3 = k2 d2. In all these three cases, the deterministic number of
the edge e2 is d1 or a positive integer multiple of d1. Proceed like this until all
the elements of G are set-labeled. Hence, we have a set-labeling in which for
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every pair of adjacent edges in G, the deterministic indices are either equal or
the deterministic index of one of these vertices is a positive integral multiple
of the other. Hence, the deterministic indices of corresponding vertices in
L(G) are either equal or the deterministic index of one of these vertices is
a positive integral multiple of the other. That is, f+ defined in G is an
arithmetic IASI on L(G).
Definition 3.12. [5] The total graph of a graph G is the graph, denoted by
T (G), is the graph having the property that a one-to one correspondence can
be defined between its points and the elements (vertices and edges) of G such
that two points of T (G) are adjacent if and only if the corresponding elements
of G are adjacent (either if both elements are edges or if both elements are
vertices) or they are incident (if one element is an edge and the other is a
vertex).
Theorem 3.13. The total graph T (G) of an arithmetic IASI graph G admits
an arithmetic IASI.
Proof. Define a function g : V (T (G))→ 2N0 as follows.
g(v′) =
{
f(v) if v′ ∈ V (L(G)) corresponds to v ∈ V (G)
f+(e) if v′ ∈ V (L(G)) corresponds to e ∈ E(G)
Since the vertices in T (G) corresponding to the vertices of G preserve the
same set-labelings of the corresponding vertices of G and the vertices of T (G)
corresponding to the edges of G preserve the same set-labeling of the corre-
sponding edges in G, these vertices in T (G) satisfy the conditions required
for admitting an arithmetic IASI. Hence g is arithmetic IASI on T (G).
4 Conclusion
In this paper, we have discussed some characteristics of graphs which admit a
certain type of IASI called arithmetic IASI. We have formulated some condi-
tions for some graph classes to admit arithmetic IASIs. Problems related to
the characterisation of different arithmetic and semi-arithmetic IASI graphs
are still open.
The following problems on arithmetic and semi-arithmetic IASI graphs,
analogous to the results proved for isoarithmetic IASI graphs, are to be in-
vestigated.
Problem 1. Discuss the admissibility of certain operations and products
graphs which admit different types arithmetic IASI graphs.
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Problem 2. Characterise the graphs which admit different arithmetic and
semi-arithmetic IASIs.
Problem 3. Discuss the existence and cardinality of saturated classes in the
set-labels of the elements of given graphs which admit arithmetic and semi-
arithmetic IASIs.
Problem 4. Characterise the graphs which admit uniform arithmetic and
semi-arithmetic IASIs.
Problem 5. Discuss the admissibility of certain graphs and graph classes
associated to given arithmetic and semi-arithmetic graphs.
The IASIs under which the vertices of a given graph are labeled by dif-
ferent standard sequences of non negative integers, are also worth studying.
The problems of establishing the necessary and sufficient conditions for var-
ious graphs and graph classes to have certain IASIs still remain unsettled.
All these facts highlight a wide scope for further studies in this area.
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